Abstract. We study the problem of adsorption of self-interacting linear polymers situated in fractal containers that belong to the three-dimensional (3d) Sierpinski gasket (SG) family of fractals. Each member of the 3d SG fractal family has a fractal impenetrable 2d adsorbing surface (which is, in fact, 2d SG fractal) and can be labelled by an integer b (2 ≤ b ≤ ∞). By applying the exact and Monte Carlo renormalization group (MCRG) method, we calculate the critical exponents ν (associated with the mean squared end-to-end distance of polymers) and φ (associated with the number of adsorbed monomers), for a sequence of fractals with 2 ≤ b ≤ 4 (exactly) and 2 ≤ b ≤ 40 (Monte Carlo). We find that both ν and φ monotonically decrease with increasing b (that is, with increasing of the container fractal dimension d f ), and the interesting fact that both functions, ν(b) and φ(b), cross the estimated Euclidean values. Besides, we establish the phase diagrams, for fractals with b = 3 and b = 4, which reveal existence of six different phases that merge together at a multi-critical point, whose nature depends on the value of the monomer energy in the layer adjacent to the adsorbing surface.
Introduction
Statistics of a polymer chain in various types of solvents near an impenetrable wall (boundary) with short-range attractive forces has been extensively studied because of its practical importance [1] , and as a challenging problem within the modern theory of critical phenomena [2] . The most frequently applied model for a polymer chain has been the self-avoiding (SAW) random walk model (that is, the walk without self-intersections), so that steps of the walk have been identified with monomers that comprise the polymer, while the solvent surrounding has been represented by a lattice. These problems have been mostly studied for models situated on two-dimensional (2d) Euclidean lattices using various theoretical methods, such as the series expansion method, the renormalization group (RG) techniques, the mean-field approach, Monte Carlo simulations, and the conformal invariance method. In the last two decades these problems have been also studied in a case of fractal lattices embedded in the twodimensional Euclidean space. On the other hand, in a more realistic three-dimensional case (for the Euclidean lattices, as well as for fractal lattices), a smaller number of results have been obtained. The study of fractal lattices has an advantage not only because their intrinsic self-similarity makes the problem more amenable to an exact approach, but also because these lattices as such may serve to model porous media.
In this paper we report results of our study of a linear polymer situated in the three-dimensional (3d) fractal lattices that belong to the Sierpinski gasket (SG) family of fractals, assuming the interaction between two adjacent nonconsecutive monomers and, in addition, assuming adsorbing interaction with the walls of the fractal interior. This problem has been studied in the case of the 3d Euclidean lattices (see, for instance [3] , and references quoted therein), but the number of obtained results is definitely smaller than in the corresponding 2d case. In the 3d case, the main endeavor has been manifested in attempts to establish phase diagrams [3, 4] in the interaction parameter space (which consists of the monomer-monomer interaction parameter and the adsorption energy parameter). In addition to the phase diagram, attempts have been made to calculate critical exponents that characterize various polymer configurations. The first work of this kind for a fractal was done by Bouchaud and Vannimenus [5] , who applied the renormalization group (RG) technique for the 3d SG with scale parameter b = 2. Here we report results of our exact RG calculation for the 3d SG with b = 3 and b = 4, and our results for the sequence 2 ≤ b ≤ 40 obtained via the Monte Carlo renormalization group (MCRG) method. Therefore, this paper appears to reflect an effort to extend our previous studies performed in the case of the two-dimensional fractal lattices. Such an effort has been incited by the well-known fact that critical properties of a given model depend on dimension of the space in which the model is situated. This paper is organized as follows. In Sec. 2 we first describe the 3d SG fractals for general b. Then, we present the framework of the RG method for studying the polymer adsorption problem on these fractals (taking into account the presence of the monomer-monomer interaction), in a way that should make the method transparent for exact calculations, as well as for the Monte Carlo calculations. In Sec. 3 we elaborate on the phase diagrams obtained through the exact RG analysis for the b = 3 and b = 4 SG fractals, and, in addition, we display our findings for the concomitant critical exponents ν (associated with the mean squared end-to-end distances of polymers) and φ (associated with the number of adsorbed monomers). For b = 3, values of ν, for different phases, have been previously calculated [6] , so that here we report the values for the corresponding crossover exponent φ, whereas in the b = 4 case we had to calculate values for the both exponents ν and φ. In Sec. 4 we explain details of the MCRG calculations of the critical exponents, for arbitrary b, and present their specific values up to b = 40. Summary of the obtained results and the relevant conclusions are given in Sec. 5.
Renormalization group scheme
Each member of the 3d SG family of fractals is labeled by the scale parameter b = 2, 3, 4, . . . and can be constructed recursively starting with the pertinent generator G (1) (b) which is a tetrahedron of base b, that contains b(b+ 1)(b+ 2)/6 unit tetrahedrons (see Fig. 1 ). The subsequent fractal stages are constructed self-similarly, by replacing each unit tetrahedron of the initial generator by a new generator. Thus, to obtain the rth-stage fractal lattice G (r) (b), which we shall call the rth order generator, the recursive process has to be repeated (r − 1) times, so that the complete fractal is obtained in the limit r → ∞. Fractal dimension d f of 3d SG fractal is equal to We assume here that one of the four boundaries of the SG fractal is impenetrable attractive surface (wall), which is itself a 2d SG fractal with the fractal dimension In order to describe both the effect of monomer-monomer interaction and the effect of attractive (adsorbing) surface, one should introduce the three Boltzmann factors: tx wx v Figure 2 .
The fractal structure of the b = 2 3d SG fractal at the first stage of construction, with an example of the SAW path. The shaded area at the basis of the thetrahedron represents the adsorption wall. The steps on the adsorbing wall and in the adjacent layer are weighted by the factors w = e −ǫw/T and t = e −ǫt/T , respectively. Here ǫ w is the energy of a monomer lying on the adsorbing wall (ǫ w < 0), and ǫ t > 0 is the energy of a monomer that appears in the layer adjacent to the wall. The Boltzmann factor v = e −ǫv/T corresponds to the energy of interaction ǫ v < 0 between two nonconsecutive neighboring monomers. The depicted SAW path represent one term in equation (2.5) for r = 1 with N = 5, P = 4, M = 1 and K = 2.
−εv/k B T , w = e −εw/k B T , and t = e −εt/k B T , where ε v is the energy corresponding to interaction between two nonconsecutive neighboring monomers, ε w is the energy of a monomer lying on the adsorbing surface, and ε t is the energy of a monomer in the layer adjacent to the surface (see Fig. 2 ). If we assign the weight x to a single step of the SAW walker, then the weight of a walk having N steps, with P nearest neighbor contacts, M steps on the surface, and K steps in the layer adjacent to the surface, is x N v P w M t K . An arbitrary SAW configuration can be described, following [5] , by using the five restricted generating functions (see Fig. 3 ). For G (r) (b), the generating functions, in terms of the interaction parameters, have the form
3)
where the coefficients have the following meanings:
• A (r) (N, P ) is the number of N-step SAWs, lying completely in the bulk, with P nearest neighbor contacts, and entering G (r) (b) through one corner vertex, and leaving it via a second corner vertex,
• B
(r) (N, P ) is the number of N-step SAWs, traversing the G (r) (b) twice, in the bulk, with P nearest neighbor contacts,
is the number of N-step SAWs entering the represents the SAW paths that start at one tetrahedron vertex that lies on the adsorption wall, and exit at the other vertex that also lies on the adsorption wall. The interior details of the r-th order fractal structure are not shown (they are manifested by the wiggles of the SAW paths).
G
(r) (b) through a corner vertex lying on the adsorbing surface, and leaving it via a second corner vertex on the surface (in the bulk, in the case of A (r) 2 (N, P, M, K)), with P nearest neighbor contacts, M steps in the surface, and K steps in the layer adjacent to the surface (see Fig. 2 ), and, finally,
• B
(r) 1 (N, P, M, K) is the number of N-step SAWs going twice through the G (r) (b), with P nearest neighbor contacts, M steps in the surface, and K steps in the layer adjacent to the surface.
These generating functions (depicted in Fig. 3 ) are parameters in the renormalization group (RG) approach, and for any b ≥ 2, RG equations have the form
8)
9)
10)
where we have omitted the superscript (r) on the right-hand side of the above relations. The self-similarity of the fractals under study implies that numbers
, of the corresponding SAW configurations within the G (r+1) (b) structure do not depend on r. Starting with the initial conditions
1 (x, v, w, t) = wx + (w
2 (x, v, w, t) = tx + 2twx
1 (x, v, w, t) = wtx 2 v 4 , (2.13) which correspond to the elementary tetrahedron G (0) (b), one can iterate RG relations (2.8)-(2.12) for various values of interactions v, w and t, and explore the phase diagram. This approach (which implies that interactions are restricted to sites within the elementary tetrahedron G (0) and, moreover, that SAW exits G (r) whenever it reaches its corner vertex [7] ) was applied in [5] for 3d b = 2 SG fractal. Here we present an analogous type of analysis for the larger b cases.
The average number of monomers in contact with the adsorption wall, for SAW spanning a G (r) (b) can be expressed in terms of the partial derivatives of the generating functions A 14) whereas the total average number of monomers can be expressed in the form
From the RG equations (2.8)-(2.12) one can obtain recursion relations for the derivatives of the generating functions in the following matrix form 
Starting with the initial conditions for the derivatives
and iterating recursion equations (2.16), it is possible to establish the relation between the average number of adsorbed monomers M (r) (2.14) and the average length of the polymer chain N (r) (2.15) in the limit r → ∞, for various values of the interaction parameters v, w, and t.
Exact approach: phase diagram and critical exponents
To solve exactly the adsorption problem of a self-interacting SAW for arbitrary member (for any b ≥ 2) of the 3d SG family, it is necessary to find all coefficients that appear in the set (2.8)-(2.12) of the RG equations. The b = 2 case has been completely analyzed in [5] , while in the b = 3 and b = 4 cases only the bulk RG equations (2.8) and (2.9) have been studied, in [6] and [8] respectively. In this paper we make a complete analysis of the b = 3 and b = 4 cases, that is, including the adsorption RG equations (2.10)-(2.12).
The b = 3 SG fractal
The RG equations (2.8) and (2.9) for the bulk parameters A and B, found in [6] for the case of the b = 3 SG fractal, have the form 
where the critical exponent ν is given by 5) where the critical exponent α in general case is given by 6) and in this specific case it is negative, α = −0.4170. Depending on the value of the one-step weight (fugacity) x, for strong monomer-monomer interactions (v > v θ ) RG equations (3.1) and (3.2) bring about the trivial fixed point (A, B)
, whereas for x precisely equal to x * (v), the fixed point (A G , B G ) = (0, ∞) is reached. Analyzing the RG equations in the vicinity of (A G , B G ), by keeping only the dominant terms in the right-hand side of (3.1) and (3.2), one can find ν G = 0.48195. Since the fractal dimension d poly f = 1/ν G = 2.07491 of the SAW in this case is larger than the fractal dimension of the extended SAW (for v ≤ v θ ), but still less than the fractal dimension of the underlying lattice d f = 2.09590 one can conclude that fixed point (0, ∞) corresponds to the 'semi-compact' phase [6] . This finding is in contrast with the results obtained for polymers on homogeneous lattices and on the b = 2 3d SG fractal lattice [7] , where one finds d
In order to establish the specific form of the complete set of the exact RG equations (2.8)-(2.12), required for the study of the adsorption problem on the b = 3 SG fractal, we have enumerated the requisite SAW configurations, achieving thereby the pertinent RG coefficients. This procedure is rather complex, as well as the corresponding set of coefficients, and for this reason we give them in the Appendix A. The physical picture that follows from these RG equations, for various values of the interaction parameters (v, t and w), is unusually rich and we present it in what follows.
Numerical study of the adsorption RG equations (given in the Appendix A) shows that for w > 1 (attractive surface) an unbinding transition appears at a finite temperature only if t < 1 (repulsive interaction in the layer adjacent to the surface). The nature of this transition depends on the value of the monomer-monomer interaction v. This situation is analogous to the previously studied cases of the two-dimensional and three-dimensional b = 2 Sierpinski gasket fractals [5] , but the new physical features do appear.
3.1.1. Extended SAW phase For the chosen initial conditions (2.13) we found the critical value of monomer-monomer interactions v θ = 2.446161 (which is different from the value found in [6] , because of the slightly different initial conditions, but which does not affect the overall critical behavior). For weak monomer-monomer interactions v < v θ , and the corresponding critical fugacity x = x * (v), RG equations (3.1) and (3.2) for the bulk parameters A and B iterate towards the fixed point (A E , B E ).
Behavior of surface RG parameters (A
1 ) depends primarily on the corresponding interaction parameter w. Thus, for weak interactions w < w c (t, v),
1 ) tend to (0, 0, 0), when r → ∞, which indicates that polymer, being in the extended coil phase, stays away from the attractive surface. We shall refer to this state as the desorbed extended (DE) phase, determined by the RG fixed point
This behavior changes abruptly at w = w c (t, v), where
1 → B E . The new behavior is described by the new fixed point
which is the symmetric special fixed point, that corresponds to the unbinding transition of the SAW. If w is increased beyond w c (t, v), and for the fugacity equal to x = x * (v), bulk parameters still approach (A E , B E ), but the surface RG parameters diverge, implying that critical fugacity x c is smaller than x * (v). A thorough analysis shows that x c depends on the values of v, w, and t, whereas RG parameters flow towards the new fixed point
where A 2d E = 0.551147 is the fixed point for the b = 3 two-dimensional SG fractal (see [9] ), meaning that for strongly attractive surface polymer remains adsorbed (this is the adsorbed SAW phase).
At the symmetric special fixed point (3.8) linearized RG equations have two relevant eigenvalues: the larger λ E ν = 5.36201, already found for the bulk RG equations, and the smaller λ E S = 3.32923. The matrix of the linearized RG equations is equal to the matrix R in (2.16), which means that
whereas the largest eigenvalue of the matrix R S in (2.16) is equal to λ
Consequently, for r → ∞, it follows
where the crossover exponent φ is equal to
This completes our analysis of the extended polymer phase.
Here we organize our discussion of various phases that appear along the θ-line in the phase space (v, w), for v = v θ = 2.446161 and for various values of w. For x = x * (v θ ) = 0.109683 and w < w θ (t), RG iterations lead to the fixed point 14) which means that for small values of w polymer remains desorbed, in the solution, in the form of the θ-chain. On the other hand, for w > w θ (t) critical fugacity x c (v θ , w, t) is less then x * (v θ ), and the relevant fixed point is again (0, 0, A 2d E , 0, 0) which describes an adsorbed two-dimensional SAW (as in the case v < v θ ).
At the critical value w = w θ (t), and x still equal to x * (v θ ), RG parameters flow towards the new fixed point
whose coordinates A 1θ , A 2θ , and B 1θ depends on the value of t, and accordingly there are five possible situations that should be analyzed. First, for 0 ≤ t < t * 1 = 0.1553901, the new fixed point is 16) that controls the coexistence between the θ-chain in the bulk and the adsorbed twodimensional SAW. Second, we find the fixed point 17) for the critical value of the interaction t = t * 1 , with four eigenvalues larger than one -the two bulk values λ 
Third, in the interval between the two critical values of the interaction parameter t, t * 1 < t < t * 2 = 0.6573781, the new fixed point is
for which, in addition to the relevant bulk eigenvalues, there is only one surface relevant eigenvalue λ θ S = 3.663797, and the crossover exponent is equal to
Fourth, for the second critical t * 2 , the RG parameters flow towards the symmetric fixed point
where, as in the case of the first critical value t * 1 , one finds two relevant surface eigenvalues λ θ S1 = 5.368208 and λ θ S2 = 1.718244, wherefrom one obtains the crossover exponent
Fifth, for t *
is reached. By keeping the dominant terms on the right-hand side of the RG equations (A.1-A.3), for the surface parameters A 1 , A 2 , and B 1 (see Appendix A), the RG equations attain the approximate form we obtain the tractable form of the approximate RG equations ). Linearizing these RG equations in the vicinity of the fixed point, one relevant eigenvalue λ θ S = 6 is found, with the corresponding crossover exponent φ θ
For values of the monomer-monomer interaction parameter v larger than v θ , and for the fugacity x equal to the bulk critical value x * (v), the bulk RG parameters (A, B) flow towards (0, ∞), while critical behavior of the surface RG parameters (A 1 , A 2 , B 1 ) depends on the values of both surface interaction parameters w and t. In particular, for any value of t between 0 and 1, there is a critical value w c (t, v) such that (A 1 , A 2 , B 1 ) flows towards (0, 0, 0), for w < w c (t, v), whereas for w precisely equal to w c (t, v) one observes
for t < t * ≈ 0.156, and
for t > t * and all v > v θ . The fixed points (0, ∞, 0, 0, 0), (0, ∞, A 2d SAW , 0, 0), and (0, ∞, 0, 0, ∞), correspond to the desorbed semi-compact polymer chain (globule), to the coexistence between the globule in the bulk and the adsorbed 2d polymer, and to the adsorbed globule, respectively. Finally, for values of the parameter w larger than the critical value w c (t, v), the critical fugacity x c = x * (v, w, t) is smaller than its bulk critical value x * (v), and RG parameters iterate towards the fixed point (0, 0, A 2d SAW , 0, 0), which corresponds to the fully adsorbed polymer.
The adsorbed globule phase can be analyzed by keeping the dominant terms on the right-hand side of the RG equations (3.1), (3.2), and (A.1)-(A.3), in the vicinity of the fixed point (0, ∞, 0, 0, ∞). Accordingly, one can obtain the following approximate equations:
Introducing new variables
where
equations (3.29) transform into more tractable form The new equations (3.32) have fixed point A * = 0, y * = (4308 × 320 z ) −1/(7+6z) , with one relevant bulk eigenvalue λ G ν = 8+6z = (11+ √ 73)/2 (see [6] ). Inserting y * into equations (3.33) one finds that corresponding equations for the fixed point (y * 1 , y * 3 ) are mutually linearly dependent. More precisely, the only fact that springs from these equations is the relation
For various values of t, large enough v and corresponding bulk critical fugacity x * (v), and the critical value w c (t, v), point (y 1 , y 3 ) tends to different fixed points (y * 1 , y * 3 ), but the above relation stays satisfied. Obviously, knowing (y * 1 , y * 3 ), from equation (3.34) one can calculate the fixed value y * 2 , which is also different for various t and v, but on the other hand is in excellent agreement with the value obtained via explicit iteration of the expression A q /A 2 . Linearizing equations (3.33), (3.34) around the corresponding fixed point (y * 1 , y * 2 , y * 3 ) the second relevant eigenvalue λ G S = 6 is found, so that the crossover exponent φ is equal to
This result is in agreement with the value estimated via direct numerical analysis, performed using equations (2.14) and (2.15), as explained in Section 2. One should also observe that obtained value of φ G is slightly larger than d 2d f /d 3d f = 0.7781, which has been predicted in [5] for SAW in the compact phase. Of course, due to the topological frustration, SAW on 3d b = 3 Sierpinski fractal lattice can not, even for large monomermonomer interaction, have a compact configuration (see [6] ). Instead, it is in the semicompact phase, in which its fractal dimension is less than the fractal dimension of the lattice (although larger than fractal dimension of SAW for v ≤ v θ ).
3d b = 4 SG fractal
As the scaling parameter b increases the number of possible polymer configurations on the 3d SG fractal lattices quickly grows. The RG equations, for b = 4, for the bulk RG parameters A and B have been found and analyzed by Maričić and Elezović-Hadžić (see [8] and Appendix B). The conclusion has been reached that qualitatively the physical picture of the polymer behavior in the bulk, for b = 4, is similar to the cases b = 2 and b = 3. There are three possible phases in which polymer can reside, which we review in the following paragraph. Recursion relations for the surface RG parameters A 1 , A 2 , and B 1 are cumbersome (each of the corresponding equations has more than 3000 terms) and we are not going to quote them here (but they are available upon the request to the authors). Detailed numerical analysis of these RG equations shows that, depending on the value of interaction parameters v, w, and t, the following phases and the corresponding fixed points are accessible:
• extended desorbed phase, (A E , B E , 0, 0, 0), for v < v θ and w < w c (t, v),
• semi-compact desorbed phase, (0, B G , 0, 0, 0), for v > v θ and w < w c (t, v),
• desorbed θ-chain, (A θ , B θ , 0, 0, 0), for v = v θ and w < w θ (t),
• fully adsorbed chain, (0, 0, A 2d SAW , 0, 0), for w > w c (t, v), where A 2d SAW = 0.5063 is the fixed point for the 2d b = 4 SG fractal (see [9] ),
• coexistence of the globule in the bulk and the 2d adsorbed polymer chain, (0, In the last part of this section we summarize, in Table 1 , the numerical results obtained via the exact RG approach, for the 3d SG fractals b = 2, 3, 4, and provide the relevant discussion of the pertinent phase diagrams. One should notice that we first give the fixed point values of the bulk parameters A * and B * and the accompanying end-toend critical exponent ν. For each b there are three fixed points, which correspond to the three bulk phases -the extended polymer phase, the θ-chain phase, and the globular (collapsed) phase. Furthermore, for a given b, one may observe that A * decreases, while B * increases, with increasing of the monomer-monomer interaction v, and consequently ν decreases. On the other hand, when b increases ν decreases for the extended phase and the θ-chain phase, whereas in the case of the globular phase ν does not display a monotonic behavior. Besides, in the globular phase, for b = 3 and b = 4 the exponent ν is larger than the reciprocal of the fractal dimension of the underlying lattices, which implies that the globular phase is not compact. This is in contrast with the b = 2 case (as well as, in contrast with the Euclidean lattices), where ν = 1/d f .
In Table 1 we also give the fixed point values of the surface RG parameters A * 1 , A * 2 , B * 1 and the corresponding values of the crossover exponent φ, for the unbinding transitions from adsorbed polymer phase to various desorbed phases. The relevant phase diagram is given in Fig. 4 , for the b = 3 SG fractal (a similar phase diagram for b = 2 Table 1 . Fixed points and critical exponents ν and φ for different self-avoiding walk phases on 3d Sierpinski fractals, obtained via exact renormalization group approach. Values for the bulk fixed point (A * , B * ) and the critical exponent ν for b = 2 and 3 fractals were obtained in [7] and [6] respectively, whereas the surface bulk point (A * 1 , A * 2 , B * 1 ) and the crossover exponent φ were previously known for the b = 2 fractal only [5] . was obtained in [5] , whereas in the course of this work we obtained a diagram, of the same type, for b = 4). In Fig. 4 , the unbinding transitions are represented by the curve that separates the "adsorbed chain" region from the "desorbed chain" regions. On this curve lies the multi-critical point, so that the part of the curve for smaller values of the parameter v (v < v θ ) corresponds to the extended attached chain phase, while for larger values of v (v > v θ ) the curve corresponds to the attached semi-compact phase. The fixed point that defines the extended attached chain phase is a symmetric special fixed point, that is, A * 1 = A * 2 = A * and B * 1 = B * , with the corresponding crossover exponent which decreases with increasing of the scaling parameter b (see the top part of the Table 1 ). Here we would like to mention that this behavior of the crossover exponent will be demonstrated for larger b as well, using the MCRG method (see the next section of this paper).
Continuing our discussion guided by the results presented in Table 1 , we focus now on the attached globular phase (v > v θ ). For this phase, the fixed point parameters It is interesting to observe that the critical exponents ν and φ are the same for the fractals with b = 2 and b = 4, while for b = 3 these two exponents are somewhat smaller. Besides, we should point out that only for b = 2 the crossover exponent φ is equal to the ratio d 2d f /d 3d f which is related to the fact that only for b = 2 the globular phase is compact. Finally, by comparing values of the crossover exponent φ, we may observe that in the attached globular phase the number of adsorbed monomers is relatively larger than in the corresponding Euclidean phases (φ = 2/3).
Results obtained for the multi-critical points for the fractals with b = 3 and b = 4 (see the middle right part of Table I ) appear to be dependent on the parameter t that describes energy of a monomer in the layer adjacent to the adsorbing boundary. This is manifested by several possible fixed points, in contrast to the case b = 2. Particularly, the position of the multi-critical point, as well as the shape of the critical line w c (v) (that separates the adsorbed phase from the desorbed phases), depend on the particular value of t (see Fig. 4 ). For the case b = 3 there are four fixed points that correspond to the surface attached θ-chain, two of which (the first and the third one) appear to be very repulsive (each with four eigenvalues larger than one) and can be approached for the critical values t * 1 = 0.1553 and t * 2 = 0.6573 of the parameter t. The latter fixed point appears to be symmetric (A * 1 = A * 2 = A * = A θ and B * 1 = B * = B θ ) and accordingly is the only point that describes the isotropic chain. The other two fixed points, the second and the fourth, are less repulsive (each of them has three eigenvalues larger than one), and can be reached for any value of the parameter t in the intervals t * 1 < t < t * 2 and t * 2 < t < 1, respectively.
Contrary to the expectation, that may be formed on the findings presented for the cases b = 2 and b = 3, that number of attainable multi-critical points will continue to increase with increasing b, in the b = 4 case only three multi-critical points can be reached. Indeed, for b = 4 there is only one critical value t * = 0.9577 of the parameter t such that for 0 < t < t * and for 1 > t > t * , two different nonsymmetric fixed points (one for each of the two intervals) with three eigenvalues larger than one are reached. On the other hand, highly repulsive symmetric point, with four eigenvalues larger than one, can be approached only for t = t * . Each one of the three multi-critical points describes its pertinent surface attached θ-chain which is manifested by the facts that A * 2 > A * 1 > A * = A θ and B * 1 < B θ for t < t * , A * 1 = A * 2 = 0 and B * 1 < B θ for t > t * , meaning that the corresponding two phases are anisotropic, whereas for the critical value t = t * the surface attached θ-chain is isotropic. Finally, one can notice that crossover exponent φ increases with t (which was not the case for b = 3), and moreover that the particular values of φ for b = 3 and b = 4, in their relevant intervals 1 > t ≥ t * 2 and 1 > t ≥ t * , are rather close. 
Monte Carlo renormalization group calculation
In this section we are going to apply the Monte Carlo renormalization group (MCRG) method to calculate the critical exponents ν end φ for 3d SG fractals with b ≥ 5. First, we shell present the MCRG calculation of the critical exponent ν. In order to find the SAW critical exponent ν, in the bulk phase, we should determine the nontrivial fixed points of the RG transformations (2.8) and (2.9), and then we should solve the corresponding eigenvalue problem of the linearized RG transformations, that is, we should solve the equation
where the asterisk means that all derivatives should be taken at the corresponding fixed point and the superscript prime is used instead of the superscript (r + 1). Knowing the relevant eigenvalue λ ν , we can determine the critical exponent ν using the formula (3.4). To learn a specific value of ν, for a given b, one should first find the coefficients a(N A , N B ), and b(N A , N B ) in the RG equations (2.8) and (2.9). As it was detailed in the previous sections, it has been possible to calculate the exact values of these coefficients only for b ≤ 4. Thus, to get an entire sequence of values of ν for b ≥ 5, we are going to circumvent the problem of explicit determination of the exact coefficients in the RG equations by applying the MCRG technique. The MCRG method, allows direct calculation of derivatives that appear in the eigenvalue equation (4.1). It starts by locating the bulk nontrivial fixed points, which requires, at the beginning, implementation of a MC simulation of the SAWs for a chosen initial set of values (A 0 , B 0 ). In other words, we let the walker start his walking, at one fixed corner of the fractal generator and record the other corner, at which it leaves the generator, together with recording the total numbers N A and N B , of crossings of the A, or B, type through the elementary tetrahedron. The SAW walker crosses an elementary tetrahedron in the A (or B) way (see Fig. 3 ) with the weight (probability) A 0 , and B 0 , respectively. We repeat this MC simulation L times, for the same set (A 0 , B 0 ). Thus we find how many times the walker has passed through the generator in the A (or B) way and by dividing the corresponding numbers by L we get the values of the functions (2.8) and (2.9), denoted here by A ′ (A 0 , B 0 ) and B ′ (A 0 , B 0 ). In this way we get the value of the sums (2.8) and (2.9) without specifying the coefficients a (N A , N B ), and b(N A , N B ) . Then, the subsequent values A n and B n (n ≥ 1), at which the MC simulation should be performed, can be found by using the generalized "homing" procedure [10, 11, 12] , which can be terminated at the stage when the differences A n − A n−1 and B n − B n−1 become less than the statistical uncertainties associated with A n−1 and B n−1 , respectively. Consequently, fixed point (A * , B * ) can be identified with the last value (A n , B n ) found in this procedure.
Having learnt the fixed point, we need to solve the eigenvalue equation (4.1) in order to find the critical exponent ν via the formula (3.4). Thus, we should find the partial derivatives ∂Y ′ /∂X (where X, Y ∈ {A, B}) at the fixed point. For instance, starting with (2.8) (in the notation in which the superscript prime is used instead of the superscript (r + 1)) and by differentiating it with respect to A we get
Treating now A ′ as the grand canonical partition function, for the ensemble of all possible SAWs that start at one fixed corner of the fractal generator and leave it at the other one, we can write the corresponding ensemble average
which can be directly measured in a MC simulation. Finally, comparing the last two equations, we can express one of the requisite derivatives in terms of the measurable quantity ∂A
In a similar way one can find additional three derivatives, so that we can write the general formula ∂Y
where X and Y stand for any pair of quantities from the set {A, B}. In this way we can learn, through the MC simulations, the partial derivatives that appear in the eigenvalue equation (4.1). Consequently, calculating the above derivatives at the fixed point and solving the eigenvalue equation (4.1) we obtain
which means that λ ν has been expressed in terms of quantities that all are measurable through the Monte Carlo simulations. Accordingly, we can learn the value of the critical exponent ν through the formula (3.4). We have applied this technique for a sequence of of the 3d SG fractals and in Table 2 we present our findings for 2 ≤ b ≤ 40, for the extended chain (in the bulk phase) fixed point (A E , B E ) together with the related critical exponent ν E . As one can see from Table 2 the fixed point values for B E , decrease much faster then the values for A E , when b increases. This means that we may neglect parameter B (r) (compared with A (r) ) for larger b, that is for b > 12. In order to estimate the influence of the parameter B (r) on the values of the critical exponent ν, we calculated, by the MCRG method, critical exponent ν for b = 12 with B E = 0. We obtained the following result ν = 0.5989 ± 0.0003, which deviate 0.03% from the value ν = 0.5987 ± 0.0003 (see Table 2 ) found using the nonzero value of B (r) . Concerning the analogous results for the collapse transitions (θ critical point) in the bulk phase, we have to point out that the corresponding point (A θ , B θ ) cannot be located because the initial part of the applied technique (the "homing procedure") does not possess the needed convergence.
We now apply the MCRG method to find the crossover critical exponent φ (which determines the number of adsorbed monomers) for the polymer phase, on the 3d SG fractals, described by the symmetric fixed point (3.8) . To this end, we have to solve the eigenvalue problem for the second part (that starts with the third equation) of the RG transformations (2.8)-(2.12), which reduces to solving of the equation
Here the asterisk indicates that all derivatives should be taken at the symmetric fixed point (A E , B E , A E , A E , B E ). The above equation gives, in general, three eigenvalues for each b, but in practice it turns out that only one of them (to be henceforth denoted by λ φ ) is relevant. Knowing λ φ we can determine the critical exponent φ through the formula
Hence, in an exact RG evaluation of φ one needs to calculate partial derivatives of sums (2.10)-(2.12), and thereby one should find the coefficients
by an exact enumeration of all possible SAWs for each particular b, which has been accomplished for fractals with b ≤ 4. However, for b ≥ 5, as in the case of the bulk phase, the exact enumeration turns out to be a formidable task. We have circumvent this problem by applying the MCRG method. Within this method, the first step would be to locate the symmetric fixed point. Fortunately, because of the structure of the symmetric fixed, the results given in Table 2 provide the complete information for this fixed point for a sequence of fractals with 2 ≤ b ≤ 40. The next step in the MCRG method consists of finding λ φ , without explicit calculation of the RG equation coefficients. To solve the eigenvalue problem (4.7), so as to learn λ φ , we need to find the requisite partial derivatives. These derivatives can be related to various averages of the numbers N A 1 , N A 2 , and N B 1 , of different SAW parts (of the types A 1 , A 2 and B 1 ) within a SAW path. Indeed, we may apply the relation (4.5) where here X and Y stands for any pair of quantities from the set {A 1 , A 2 , B 1 }. Therefore, to calculate the derivatives (4.5) for X, Y ∈ {A 1 , A 2 , B 1 } at the symmetric fixed point, one needs the nine averages
), which are all measurable through MC simulations. Solving numerically the eigenvalue equation (4.7) we obtain λ φ , and, finally, using relation (4.8), we find the values of the critical exponent φ (in the extended polymer phase), which are presented in Table 2 , and discussed in the following paragraph.
First, we would like to compare the results obtained, via the exact RG approach and through the MCRG technique, for the first three members (b = 2, 3, 4) of the SG fractal families (given in Table 1 and Table 2 , respectively). One can observe that the MCRG results for the critical exponents ν and φ deviate at most 0.2% from the exact results. This very good agreement provides confidence in applying the MCRG approach for a longer sequence of fractals (5 ≤ b ≤ 40). For the sake of a better assessment of the global behavior of the critical exponents ν and φ, as a function of the fractal scaling parameter b, we depict the corresponding values (from Tables 1 and 2) in Fig. 5 and Fig. 6 , respectively. One can see that ν, being a monotonically decreasing function of b, crosses the narrow range determined by the predictions made for the threedimensional Euclidean lattices, starting with ν = 7/12 = 0.5833 [13] , passing through the values 0.5850 [14] and 0.5874 [15] , and ending with ν = 0.5882 [16] . 
Conclusion
In this paper we studied the adsorption phenomenon of a linear polymer, in a good and bad solvent, on impenetrable boundaries of fractal containers modelled by the 3d SG family of fractals. Each member of the 3d SG fractal family has a fractal impenetrable 2d adsorbing boundary (which is, in fact, 2d SG fractal surface) and can be labelled by an integer b (2 ≤ b ≤ ∞). [5]), which turned out to be very rich from the physical point of view. Indeed, the phase diagrams disclose six different polymer phases that merge together at a multicritical point, whose nature for b = 3 and b = 4, as well as the shape of the critical line that separates adsorbed from desorbed phases, depend on the value of the parameter t (associated with the monomer energy in the layer adjacent to the adsorbing boundary), which was not the case for b = 2. By analyzing the obtained phase diagrams we may conclude that similar diagrams can be expected for b > 4, but finding their exact pictures presently is not feasible. By applying the exact and Monte Carlo renormalization group (MCRG) method, we calculated the critical exponents ν (associated with the mean squared end-to-end distance of polymers) and φ (associated with the number of adsorbed monomers) for a sequence of fractals with 2 ≤ b ≤ 4 (exactly) and 2 ≤ b ≤ 40 (Monte Carlo). The reliability of the MCRG results is manifested by the fact that in the cases b = 2, 3, 4 the MCRG results for ν and φ deviate at most 0.2% from the exact results. Unfortunately, it was possible to implement this powerful (MCRG) method only in the case of the extended polymer phase.
We find that, in the region studied, both ν and φ monotonically decrease with increasing b (that is, with increasing of the container fractal dimension d f ), and the very interesting fact that both functions, ν(b) and φ(b), cross the estimated Euclidean values at, approximately, the same value of the scaling parameter (b ≈ 20). Here we would like to point out that in the case of the 2d SG fractals both exponents ν and φ also cross the corresponding Euclidean values, but not at the same value of b (at b ≈ 27 for ν [11] , while at b ≈ 6 for φ [18] ).
On the whole, our findings should be useful in making the corresponding 3d models of the polymer adsorption phenomena in porous media. Besides, our results may serve as beneficial in constructing theories of the polymer adsorption phenomena for the homogeneous 3d lattices, where so far, to the best of our knowledge, an exact approach has not been made.
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Appendix A. RG equations for the surface parameters in the case of the three-dimensional b = 3 SG fractals
In this Appendix we give the exact RG equations for the surface RG parameters A 1 , A 2 and B 1 in the case of the 3d b = 3 SG fractal. We have found that these equations have the following form:
where 
